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Bohr's absolute convergence problem for 
^p-Dirichlet series in Banach spaces 

Daniel Carando* Andreas Defant^ Pablo Sevilla-Peris * 



^ . Abstract 



The Bohr-Bohnenblust-Hille Theorem states that the width of the strip in the com- 
plex plane on which an ordinary Dirichlet series L„ a„n"^ converges uniformly but 
not absolutely is less than or equal to 1/2, and this estimate is optimal. Equivalently, 
the supremum of the absolute convergence abscissas of all Dirichlet series in the 
Hardy space .i^oo equals 1/2. By a surprising fact of Bayart the same result holds true 
ii^oo is replaced by any Hardy space ^p, I < p <oo, of Dirichlet series. For Dirich- 
let series with coefficients in a Banach space X the maximal width of Bohr's strips 
depend on the geometry of X; Defant, Garcia, Maestre and Perez-Garcia proved that 
such maximal width equal 1 - 1 / Cot{X), where Cot(X) denotes the maximal cotype of 
2 ■ X. Equivalently, the supremum over the absolute convergence abscissas of all Dirich- 

let series in the vector- valued Hardy space J^^o iX) equals 1 - 1 / Cot(X) . In this article 
we show that this result remains true ifJ^ooi-X) is replaced by the larger class ,^p(_X], 

l< p<oo. 
> 

<^ : 1 Main result and its motivation 

in 

^ ' Given a Banach space X, an ordinary Dirichlet series in X is a series of the form D = 

cn ■ Z« ann~\ where the coefficients a„ are vectors in X and 5 is a complex variable. Maximal 

domains where such Dirichlet series converge conditionally, uniformly or absolutely are 
half planes [Re > a] , where a = ac, (Ju or cfa are called the abscissa of conditional, uniform 

S^ \ or absolute convergence, respectively. More precisely, cfa^D) is the infimum of all r e [R 

H \ such that on [Re > r] we have convergence of D of the requested type a = c,uor a. Clearly, 

" ■ ■ we have aclD) < auiD) < aaiD), and it can be easily shown that sup crfl(D) - adD) = 1 , 

where the supremum is taken over all Dirichlet series D with coefficients in X. To deter- 
mine the maximal width of the strip on which a Dirichlet series in X converges uniformly 
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but not absolutely, is more complicated. The main result of [8] states, with the notation 
given below, that 

S(X):=supa«(D)-(T„(D) = l-^^^. (1) 

Recall that a Banach space X is of cotype q,2< q <oo whenever there is a constant C > 
such that for each choice of finitely many vectors xi,...,X]\[e Xwe have 



LlkfciJ ^C[\ Z^kZk dz) , (2) 



whereT:= {z£C| |z| = l} and T^ is endowed with Mh product of the normalized Lebesgue 
measure on T. We denote by CriX] the best of such constants C. As usual we write 



Cot(X) :=inf|2< ^<oo|X cotype q\ , 



and (although this infimum in general is not attained) we call it the optimal cotype of X. 
If there is no 2 < ^ < oo for which X has cotype q, then X is said to have no finite cotype, 
and we put Cot(X) = oo. To see an example, 

{q for 2 < (7 < oo 
2 for 1 < ^ < 2 . 

The scalar case X = C in (1) was first studied by Bohr and Bohnenblust-Hille: In 1913 Bohr 
in [4] proved that S{C) < j, and in 1931 Bohnenblust and Hille in [3] that S(C) > i. Clearly 
the equality 

S(C) = i, (3) 

nowadays called Bohr-Bohnenblust-Hille Theorem, fits with (1). Let us give a second for- 
mulation of (1). Define the vector space ^oo(^) of all Dirichlet series D -Y.n <^nn~^ in X 
such that 

• the function D{s) = X« ^« ^ on Re 5 > is bounded. 
Then ^oo(^) together with the norm 



oo 1 

\D\\jp^iX) = sup Y. ^n — 
Res>0 n=l " 



X 



forms a Banach space. For any Dirichlet series D in X we have 

au{D)=mi\aeU\Y,^—ejeoo{X)\. (4) 

In the scalar case X = C, this is (what we call) Bohr's fundamental theorem from [5], and 
for Dirichlet series in arbitrary Banach spaces the proof follows similarly. Together with 
(4) a simply translation argument gives the following reformulation of (1): 

S(X)= sup (7jD) = l-— — -. (5) 

Deje^iX) LOt(A) 



Following an ingenious idea of Bohr each Dirichlet series may be identified with a 
power series in infinitely many variables. More presicely fix a Banach space X and de- 
note by *P(X) the vector space of all formal power series Y.a Ca^z" in X and by D(X) the 
vector space of all Dirichlet series T.n^nn~^ in X . Let as usual {pn)n be the sequence 
of prime numbers. Since each integer n has a unique prime number decomposition 
n - p'^^ ■ • ■ p'^'' = p" with ay G No, 1 < 7 < k, the linear mapping 

^x : q5(X) -^D{X), L^^^m Caz" ^ ZZi ^nn-' , where Upa = Ca (6) 

is bijective; we call 03^ the Bohr transform in X. As discovered by Bayart in [1] this (a 
priori very) formal identification allows to develop a theory of Hardy spaces of scalar- 
valued Dirichlet series. 

Similarly we now define Hardy spaces of X-valued Dirichlet series. Denote hy dw the 
normalized Lebesgue measure on the infinite dimensional polytorus J°° = 11^ ^ T, e.g. 
the countable product measure of the normalized Lebesgue measure on T. For any multi 
index a = (ai,...,a„,0,...) e Z'*^' (all finite sequences in Z) the ath Fourier coefficient 
/(a) of / e Li (T°°, X) is given by 



/(a) = I fiw)w "dw, 



where we as usual write u/" for the monomial w'^^ ... w""- Then, given 1 < p < oo, the 
X-valued Hardy space on T°° is the subspace of Lp (T°°, X) defined as 

HpiJ°°,X) = [feLp{.J°°,X)\f{a) = 0, Va g Z^^HnI,^^}. (7) 

Assigning to each / g Hp{J°°,X) its unique formal power series La:/(«)'Z" we may con- 
sider Hp{J°°, X) as a subspace of^iX). We denote the image of this subspace under the 
Bohr transform 03^ by 

^piX) . 

This vector space of all (so-called) ^p(X) -Dirichlet series D together with the norm 

II£'II^p(X] = II23^1(D)||h,(t-,x) 

forms a Banach space; in other words, through Bohr's transform 55x from (6) we by defi- 
nition identify 

^p (X) = Hp{,J°°, X),l<p<oo. 

For p = oowe this way of course could also define a Banach space ^oo(^). and it turns 
out that at least in the scalar case X-C this definition then coincides with the one given 
above; but we remark that these two ^oo (-X") 's are different for arbitrary X. It is important 
to note that by the Birkhoff-Khinchine ergodic theorem the following internal description 
of the ^p(X)-norm for finite Dirichlet polynomials D = Z]t=i ^kn~^ holds: 

T 



/ 1 rJ II « 1 p xi/ 
|D||^,(X)=h_m(-j_J|i:a,-^dr) 



(see e.g. Bayart [1] for the scalar case, and the vector- valued case follows exactly the same 

way). 



Motivated by (4) we define fovDeT) (X) and 1 < p < oo 

(JjepiX) iD) := inda g K | ^ ^^ e ^p{X)\ , 

f2 fi n 

and motivated by (5) we define 

Sp{X):= sup aa{D)-a^ tx)iD)= sup aa{D) 

DeS(X) De^piX) 

(for the second equality use again a simple translation argument). A result of Bayart [1] 
shows that for every l< p <oo 

Sp(Q = -, (8) 

which according to Helson [13] is a bit surprising since ^oo(C) is much smaller than 
^p(C). 

The following theorem unifies and generalizes (1), (3) as well as (8), and it is our main 
result. 

Theorem 1.1. For every l< p<oo and every Banach space X we have 

1 



Sp{X) = l 



Cot(X) 



The proof will be given in section 4. But before we start let us give an interesting re- 
formulation in terms of the monomial convergence of X- valued Hp -functions on J°°. 
Fix a Banach space X and I < p < oo, and define the set of monomial convergence of 

Hp(T°°,X): 

monHp[J°°,X)^\zeBc, ^ ||/(a)z«||x <oofor all /e Hp(T°°,X)}. 

a 

Philosophically this is the largest set M on which for each / e HpiJ°°,X) the definition 
g(-z) = Y.a fioc)z", ze M leads to an extension of / from the distinguished boundary T°° 
to its "interior" Bcq (the open unit ball of the Banach space Cq of all null sequences). For 
a detailed study of sets of monomial convergence in the scalar case X = C see [9], and in 
the vector- valued case [10]. 

We later need the following two basic properties of monomial domains (in the scalar 
case see [8, p.550] and [7, Lemma 4.3], and in the vector- valued case the proofs follow 
similar lines). 

Remark 1.2. 

(1) Let z e monHp(T°°,X). Then u = {Za(n))n £ nionHp{J°°,X) for every permutation 
(jofN. 

(2) LetzemonHp(T°°,X) andx= (x„)„ e D°° be such that |x„| < |z„| for all but finitely 
many n's. Then x e monHpiJ°°,X). 



Given 1 < p < oo and a Banach space X, the following number measures the size of 
nionHp{J°°,X) within the scale of /'r-spaces: 

Mp(X) =sup{l < r <oo I £rnBco^monHp{J'^,X)\. 

The following result is a reformulation of Theorem 1.1 in terms of vector- valued Hp- 
functions on T°° through Bohr's transform ^x- The proof is modelled along ideas from 
Bohr's seminal article [4, Satz IX]. 

Corollary 1.3. For each Banach space X and l< p<oo we have 

Cot(X) 



MpiX) = 



Cot(X) - 1 



Proof. We are going to prove that SpiX) = l/MpiX), and as a consequence the conclusion 
follows from Theorem 1 . 1 . We begin by showing that Sp (X) < 1 / Mp (X) . We fix ^ < Mp (X) 
and r > \l q; then we have that (-^j^ g ^^ n Bco and, by the very definition of Mp{X), 

T.a \f^^^[wT\x ^ °° converges absolutely for every / £ Hp{l^,X). We choose now an 
arbitrary Dirichlet series 

D^^xf = Y.'^n^^'^p{X) with feHp{l°°,X). 
Then 

V- II II 1 V- M W ( '^ V V- M ? M r 1 'i" 

L\Wn\\x-T=L\Wp4x(-I^] =L\\fH\x(-I7 <^- 
n "■a Pa F 

Clearly this implies that Sp{X) < r. Since this holds for each r >\l q,me get that Sp{X) < 
\l q, and since this now holds for each q < Mp{X), we have Sp{X) < l/Mp(X). Con- 
versely let us take some q > Mp{X); then there is z e ^^ n Bc^ and / e //oo(T°°,X) such 
that Y.a f{oc)z°^ does not converge absolutely. By Remark 1.2 we may assume that z is de- 
creasing, and hence {Znn^''^)n is bounded. We choose now r>q and define Wn - -rrr. By 

Pn 

the Prime Number Theorem we know that there is a universal constant C > such that 

, Zn i iPn' ^IPn]T 1 ^ 1 [logn)^"- 

0< - ZnPn - Znn1—rr - ■^n"'' —r, TT ^ CZnnf — -; -;— . 

Wn nl''? >> « ^ „l/^-l/r " „l/^-l/r 

The last term tends to as n ^ oo; hence z„ < w„ but for a finite number of ?z's. By Re- 
mark 1.2 this implies that La /(<^) i^" does not converge absolutely. But then D = ^xf = 
Y.n cinn~^ G '^p{X) satisfies 

E lk«llx-IT77 = E II ^p-ixf-TT?)" = E ll/(«)|lx"^" = °°- 

n '' a Pa 

This gives that cTaCD) > 1/r for every r > ^, hence ffalD) >\l q. Since this holds for every 
q>Mp {X) , we finally have Sp (X) > 1 / Mp (X) . D 

We shall use standard notation and notions from Banach space theory, as presented, 
e.g. in [?, ?]. For everything needed on polynomials in Banach spaces see e.g. [11] and 
[12]. 



2 Relevant inequalities 

The main aim here is to prove a sort of polynomial extension of the notion of cotype. 
Recall the definition of Cq {X) from (2) . Moreover, from Kahane's inequality we know that, 
given 1 < <7 < oo, there is a (best) constant K>\ such that for each Banach space X and 
each choice finitely many vectors Xi, . . . xjv g X 






2 \II2 

dz] <K 

X I 



n N 



dz. 



X 



As usual we write \a\ = a\ + ... + apj and a! = ai ! . . . ajv! for every multi index a e N^. 
Proposition 2.1. LetX be a Banach space of cotype q,2< q <oo, and 

P:C^^X, P{z)= E Caz" 

\a\ = m 

he an m -homogeneous polynomial. Let 



N 



,(1) Am) 






'lv,'m-l 



he the unique m -linear symmetrization of P. Then 



ii,...,i„ 



\a 



ll.-,lm\\X 



llq 



mm n 

^ m\ JT'v ^ 



Before we give the proof let us note that [?, Theorem 3.2] is an m-linear result that, com- 
bined with polarization gives (with the previous notation) 



Alq 



m 



m 



( I W iSx] <C,(X)---sup||P(z)| 

Our result allows to replace (up to the constant K) the || ||oo norm with the smaller norm 
II 111. Wepreparetheproof of Proposition 2.1 with three lemmas. 

Lemma 2.2. LetX be a Banach space of cotype q,2< q <oo. Then for every m-linear form 

N 

h:—iim-^ 

we have 



[ L \Wh,-,iJlf"^{CciX)Kr( ...( ||r(zf" z^-^^)\\^dz^'\..dz^'"K 

Proof. We prove this result by induction on the degree m. For m = 1 the result is an im- 
mediate consequence of the definition of cotype q and Kahane's inequality. Assume that 



the result holds for m - 1. By the continuous Minkowski inequality we then conclude that 
for every choice of finitely many vectors a;i,...,;,„ £ X with l< ij < N,l< j < m we have 

Ell II ^ v^ V^ II II ^ 

\\"-ll,-,lm\\x ~ i—i Z^ ll"'l,-,im||jC 



^c,ix,^K^[ I (/ iiE«,, ,„,4rii,rf.«)7 

^c,(x,'*:'(/ ( £ ||I„, ,„.,'ri|j)"'rfz«)'' 

<C,(X)^-iC^-(f f ...f II ^ «,....,/._i2S" z|'"-"||^dzf»...dz(-"dz(-f , 

which is the conclusion. D 

The following two lemmas are needed to produce a polynomial analog of the preceding 
result. 

Lemma 2.3. LetX he a Banach space, and f :€ ^ X a holomorphic function. Then for 
Ri,R2,R>0 with Ri + R2<Rwe have 

f f \\f{RiZi+R2Z2)\\xdZidZ2< [ ||/(i?z)||;,dz. 
Proof. By the rotation invariance of the normalized Lebesgue measure on T we get 

/ / \\f[RiZi+R2Z2)\\xdZidZ2= / \\f[RiZiZ2 + R2Z2)\\xdZidZ2 

JJJJ JJJJ 

= [ [ \\f{z2{RlZi+R2)]\\xdZidZ2= [ [ \\f[z2\RlZ,+R2\]\\xdZ2dZi 

=XXi/(..r(,,«)ii,..,..,=/;7;"ii/(.(.'^,«.")ii,^g. 

where r(z) = ^\Riz + R2\, z eJ. We know that for each holomorphic function h:C^X 
we have 

j \\hiz)\\xdz= sup / ||^(''^'^)||jc — 

(see e.g. Blasco andXu [2, p. 338]). Define now hiz) - f[Rz), and note that < r (z) < 1 for 
all zeJ. Then 



r r c^n nzn dt ds 



This completes the proof. D 

A sort of iteration of the preceding result leads to the next 



Lemma 2.4. Let X be a Banach space, and f : C^ -^ X a holomorphic function. Then for 
every m 

Proof. We fix some m, and do induction with respect to N. For N = I we obtain from 
Lemma 2.3 that 

J J JjJjJj '■ V. ' 

^ /•••// II Szm z^nr-2) {2w)\\^dw dz^^^ . . . dz^'"'^'^ 

J J Jjjj 

m-2 

Jt Jt Jt Jt 
Jt Jt Jt 

^ V ' 

m-3 

<...< / ||/(mz)|Lrfz. 

Jt 

We now assume that the conclusion holds for N -\ and write each z e T^ as z = {u,w), 
with u £ T^~^ and w £ T. Then, using the case N =\m the first inequality and the induc- 
tive hypothesis in the second, we have 

[z^^^ + ... + z^'^^)\\^dz^^\..dz^'^^ 



[in] 
I . . . u,u 

[m] 

Iw 



= f ... f ([•••[ \\f{iu^^\m) + --- + iu^"'\uj„i))\\^dwi...dwN'^du^^\..du 
-( -( [( \\f{iu^^\mw) + ... + {u^"'\mw))\\^dw]du^^\..du 
= f (f ^... f Jf[iu^'\mw) + ... + iu^"'\mw))\\^du^'\..du^"'^]d 
-/ I \\f[{mu,mw) + ... + {mu,mw)]\\^du]dw 
^ j^Jf[mz)\\^dz, 
as desired. D 

We are now ready to give the proof of the inequality from Proposition 2.1. By the polariza- 
tion formula we know that for every choice of z[^^ , . . . , z|,7^ £ T^ we have 



(see e.g [11] or [12]). Hence we deduce from Lemma 2.4 
[ ...[ \\T[z^'\...,z^"'^)\\^dz^'\..dz^"'^ 

^^— Jl [ ■■■( \\plt^i^^'^] 

mlJjN JjnW \fr{ IWx 

1 r m™ r 

< — / \\P(mz)\\ydz^ / ||P(z)|Lrfz. 



dz'-'\..dz^"'^ 

X 



N 

dz^^K.-dz^""^ 

X 



Then by Lemma 2.2 we obtain 

N 



[ E W im\\l\" ^[Cqixwr i ...[ Ilru^" z^-^^)\\^dz^'\..dz^"'^ 

which completes the proof of Proposition 2.1. D 

A second proposition is needed which allows to reduce the proof of our main result 
1.1 to the homogeneous case. It is a vector- valued version of a result of [6, Theorem 9.2] 
with a similar proof (here only given for the sake of completeness) . 

Proposition 2.5. There is a contractive projection 

^rn ■■ HpiJ^, X) - Hp(T^ X) , / - frr,, 

such for all feHp{J^,X) 

f{a) = fmioc) for all a e N^ with \a\ = m. (9) 

Proof Let 3^{C^,X) c Hp{j'^,X) be the subspace all finite polynomials / = T.aeACaZ"; 
here A is a finite set of multi indices in M^ and the coefficients Ca £ X. Define the linear 
projection O^ on 3^(C^, X) by 

<(/)U)=/m(2)= E /(a)z«; 

a£A,\a\ = m 

clearly we have (9). In order to show that O^ is a contraction on (5^(C^, X],\\- \\p) fix some 
function / e 5^(C^, X) and z e T^, and define 

f{z-):J^X, w^fizw). 

Clearly we have 

f{zw)^Y^ftiz)w\ 

k 



and hence 

fmiz)= I f{ZW)W~'^dw. 

Jj 

Integration, the continuous Minkowski inequality and the rotation invariance of the nor- 
malized Lebesgue measure on T^ give 

/ \\fmiz)\\Ydz= I II / f[zw)w~"^dwYvdz 

</ (/ 1/(20/) II ^<i If ] dz<\ I \\f{zw)\\'^^dzdw= j ||/(2)||^dz, 

which proves that O^ is a contraction on {^{,C^,X), \\ • \\p]. By Fejer's theorem (vector- 
valued) we know that ^(C^, X) is a dense subspace of Hp{J^ , X]. Hence O^ extends to 
a contractive projection O^ on Hp{J^,X]. This extension O^ still satisfies (9) since for 
each multi index a the mapping HpiJ^, X) ^ X, f^ /(a) is continuous. D 

3 Proof of the main result 

We are now ready to prove Theorem 1.1. Let 1 < p < oo, and recall from (1) that 

Cot(X) '^ 

see Remark 3.1 for a direct argument. Hence it suffices to concentrate on the upper esti- 
mate in Theorem 1.1: Since we obviously have Sp [X] < Si (X) , we are going to prove that 

1 

Si(X)<l . (10) 

Cot(X) 

Suppose first that X has no finite cotype. For D = Y.n cinn~^ g ^i(X) we take / e 
Hi (T°°, X) with D = ^xf- Note that 



|/(a)|< f \f{w)w-''\di 



1^= II/IIli(t°°,x) <oo 

and, by the definition of ^x< the coefficients of D are also bounded by II/IIli(t°°,x)- As a 
consequence, 

OO 1 OO 1 

E \\an\\x—< Y. ll/llii(T-,X)— <00 
n=l " «=1 " 

whenever Re 5 > 1. This means that Si (X) < 1 and gives (10) for Cot(X) = oo. 

Now if X has finite cotype, take q > Cot(X) and e > 0, and put 5 = [i- ^)[^+ 2e). 

Choose an integer ko such pi'' > eCniX)KY.f. -^, and define 

P = iPka '■■■,Pko> PkQ+l,Pko+2, ■■■)■ 

' V ' 

fco times 



10 



We are going to show that there is a constant Ciq, X,e)>0 such that for every f^ Hi (J°°, X) 
we have 

E \\ficc)\\x^<Ciq,X,E)\\f\\H,(j^,x). (11) 

This finishes the argument: By Remark 1.2 the sequence 1/ p^ e monHi{J°°,X). But in 
view of Bohr's transform from (6) , this means that for every Dirichlet series D = Y.n(^nn~^ = 
^xf G ^1 iX) with feHi (T°°, X) we have 

°° 1 1 

Ell«Jlx-= E ||/(a)||x— <oo. 

Therefore ffa^D) < (l - ■^)(l + 2e) for each such D which, since e >0 was arbitrary is what 
we wanted to prove. 

It remains to check (11); the idea is to show first that (11) holds for all X-valued Hi- 
functions which only depend on N variables: There is a constant C{q, X,e) >0 such that 
for all N and every f ^ Hi {J^, X) we have 

E \\fia)\\x4^<Ciq,X,enf\\H,iJ^,x)- (12) 

In order to understand that (12) implies (11) (and hence the conclusion), assume that (12) 
holds and take some / £ Hi (T°°, X). Given an arbitrary N, define 



/at : T^ - X, Mw) = [ f{w, w)d 



w. 



Then it can be easily shown that /n g Li{J^,X), W/nWi ^ II /111. and /at (a) = /(a) for all 
a £ Z^. If we now apply (12) to this /jv, we get 

E \\hccnx^<C{q,X,e)\\f\\H,iJ^,x), 

aeN^ P 

which, after taking the supremum over all possible N on the left side, leads to (11). 

We turn to the proof of (12), and here in a first step will show the following: For every 
N, every m-homogeneous polynomial P : C^ -^ X and every u e £q' we have 

^ ma)u''\\x<[eCq{X)KY'' \ \\Piz)\\^dz[^\Uj\'^'\ . (13) 



"0 

\a\=m 

Indeed, take such a polynomial P{z) = JlaeN^ \a\=m Pioi:)^", z e T^, and look at its unique 
m-linear symmetrization 

N 

r:c^x...xc^^x, ru'" z""^)= E ^h i^4' ^f'- 



11 



Then we know from Proposition 2. 1 that 

L \Wh,-.iJx] ^[eCqiX]Kr \\Piz)\\^dz. 
Hence (13) follows by Holder's inequality: 

N 



[eCq{X)K)"'j JPiz)\\xdz[J^\Uj\''' 



We finally give the proof of (12): Take / e Hi{J^,X), and recall from Proposition 2.5 
that for each integer m there is an m-homogeneous polynomial P,„ -.C^^X such that 
WPmWHiiJN.X) - W/WhiU'^.X] and Pmia) = f{a) for all a g N^ with \a\ = m. Finally from 
(13), the definition of 5, and the fact that maxlp^g, p^} < pj for all j we conclude that 

1 °° 1 

E ll/(a) 11x^7^ = E E \\Pm{a)\\x- 



aeN^ f^ m=\ aeN^ ,\a\ = m ^ 



= I:(ec,(x)i^)^l/lu,(T^x) E^ 

= I(.c,(X)*:)'"||/||„,„„„ I^^ 

m=l 7 = 1^7 ^7 



i/i(T^,X) 2^ 



eQ(X)^(l°:,-^ 



1/1+e 

m 



m=l ^ p 



Elq' 
ko 



<1 

This completes the proof of Theorem 1.1. D 

Remark 3.1. We end this note with a direct proof of the fact 



1 

1 < S„{X) , l<p<oo (14) 

Cot(X) P^ ^' f" 

in which we do not use the inequality 

1 <Soo(X) (15) 

Cot(X) 

from [8] (here repeated in (1)). The proof of (15) given in [8] in a first step shows that 
l-l/n(X)<Soo(X) where 

n(X) = inf {r > 2 1 idx is (r, 1) - summing}, 
12 



and then, in a second step, applies a fundamental theorem of Maurey and Pisier stating 
thatn(X)=Cot(X). 

The following argument for (14) is very similar to the orginal one from [8] but does 
not use the Maurey- Pisier theorem (since we here consider J€p[X), I < p < oo instead of 
^oo(^)): By the proof of Corollary 1.3, inequality (14) is equivalent to 

Cot(X) 
^ Cot(X) - 1 

Take r < MpiX), so that £r n Bco = monHp(T°°,X). Let H^(T°°,X) be the subspace of 
Hp{J°°,X) formed by all 1-homogeneous polynomials (i.e., linear operators). We can de- 
fine a bilinear operator £r ^ Hp{J°°,X) -^ /'i(X) by (z,/) ^ {zjf{ej))j which, by a closed 
graph argument, is continuous. Therefore, there is a constant M such that for all z £ /'r 
and all / e H^ (T°°, X) we have 

ElZjlll/(e;)llx<M||z||^J|/||Hp(T-x). 
i 

Taking the supremum over all z £ 5^,. we obtain for all / g hI{J^, X) 

(Lll/(ey)llJ)'"''<M||/||H^(T-x). 
i 

Now, take xi, . . . , jcjv £ X and define / £ H^ (T°°, X) by /(ey) = Xj i{l<j<N, f{ej) = if 
i > N and extend it by linearity. By the previous inequality and Lemma 2.5 we have 



N I I r ^ r' \l/r' 

(i:iix,-iii)^"'<M(|j|x:x,-z,-||^d^) 



By Kahane's inequality, X has cotype r' , which means that r' > Cot(X) or, equivalently, 
r < cot°xf-r Since r < Mp{X) was arbitrary, we obtain (14). 
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